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Abstract
The holographic description in the presence of gravitational Chern-Simons term is
studied. The modified gravitational equations are integrated by using the Fefferman-
Graham expansion and the holographic stress-energy tensor is identified. The stress-
energy tensor has both conformal anomaly and gravitational or, if re-formulated in
terms of the zweibein, Lorentz anomaly. We comment on the structure of anomalies
in two dimensions and show that the two-dimensional stress-energy tensor can be
reproduced by integrating the conformal and gravitational anomalies. We study
the black hole entropy in theories with a gravitational Chern-Simons term and find
that the usual Bekenstein-Hawking entropy is modified. For the BTZ black hole
the modification is determined by area of the inner horizon. We show that the
total entropy of the BTZ black hole is precisely reproduced in a boundary CFT
calculation using the Cardy formula.
1
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1 Introduction
It is amazing how much of physics is encoded in geometry of asymptotically anti-de Sitter
(AdS) space-time. This includes the information on the ultra-violet divergences, quan-
tum effective action and the conformal anomaly. The latter is important element in the
holographic description and is due to peculiar nature of the asymptotic diffeomorphisms
that generate conformal symmetry [1], [2]. The gravitational Einstein-Hilbert action, in
which metric is fixed on the boundary, breaks the asymptotic conformal symmetry and
is thus the source of the anomalies. This and other related issues were much studied in
recent years [3]-[12].
In recent interesting paper [13] Kraus and Larsen have modified the gravitational
action in three dimensions by adding the gravitational Chern-Simons term. The resul-
tant theory is known as the topologically massive gravity [14], [15]. Appearance of the
Chern-Simons terms is generically predicted in string theory. The gravitational Chern-
Simons term, explicitly depending on connection, is gauge invariant only up to some
boundary terms. So that its presence necessarily breaks the asymptotic coordinate in-
variance. The appearance of the gravitational anomaly2 in the boundary theory is thus
should be expected in addition to the already existing conformal anomaly. Alternatively,
if the Chern-Simons term is defined in terms of the Lorentz connection, the asymptotic
local Lorentz symmetry is broken and the Lorentz anomaly should appear. All these
expectations were explicitly confirmed in [13] by looking at how the gravitational action
changes under the gauge transformations. On the boundary side the anomaly arises due
to different central charge in holomorphic and anti-holomorphic sectors. Such theories
were studied some time ago, see in particular [18], [19].
In the present note, inspired by [13], we take a different route to anomalies and show
that they follow directly from the bulk gravitational equations. The latter are integrated
by expanding the bulk metric in powers of distance from the boundary. This is much in the
spirit of [2], [5], [8]. The integration procedure involves the fixing of the boundary data.
The data are the boundary metric and the holographic stress-energy tensor. This helps
to determine explicitly the structure of stress-energy tensor in terms of the coefficients in
the expansion and completely fix the form of the anomalies. The gravitational anomaly
we get agrees with the one obtained in [16] and [18]. In the dual picture the holographic
stress-energy tensor should be identified with the quasi-local stress-energy tensor which
determines the values of mass and angular momentum.
The gravitational Chern-Simons term is eligible gravitational action which produces
covariant equations of motion that are, in particular, solved by the BTZ metric. It is
therefore interesting question whether the black hole entropy is modified when the Chern-
Simons term is included. We study this question and obtain a contribution to the entropy
due to the gravitational Chern-Simons term. This contribution depends on the value of
the Lorentz connection at the horizon and is, nevertheless, gauge invariant. For the BTZ
black hole the entropy due to Chern-Simons term is proportional to the area of inner
horizon. This is surprising, taking that in any theory non-linear in Riemann curvature
the entropy of BTZ black hole is always, as we argue in the paper, determined by area
of the outer horizon. In the theory at hand, the total entropy has dual meaning in terms
of the boundary CFT and is precisely reproduced by means of the Cardy formula, as we
show.
2For review on the gravitational anomalies see the original works [16], [17].
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2 Fefferman-Graham expansion and gravitational
anomaly
The gravitational theory on three-dimensional space-time is given by the action
Igr = IEH + ICS , (2.1)
which is sum of ordinary Einstein-Hilbert action (with cosmological constant)
Igr = − 1
16πGN
[
∫
M
(R[G] + 2/l2) +
∫
∂M
2K], (2.2)
where K is trace of the second fundamental form of boundary ∂M , and the gravitational
Chern-Simons term
ICS =
β
64πGN
∫
M
dx3ǫµνα[Rabµνω
ab
,α +
2
3
ωab,µω
b
c,νω
c
a,α] . (2.3)
Parameter l in (2.2) sets the AdS scale. To simplify things, on intermediate stage of
calculation, we take liberty to use units l = 1 restoring l explicitly in the final expressions.
Parameter β has dimension of length. We use the following definition for the curvature
Rabµν ≡ ∂µωab,ν+ωac,µωcb,ν− (µ↔ ν). The torsion-free Lorentz connection ωab = ωab,µdxµ
is determined as usual by equation
dea + ωab ∧ eb = 0 , (2.4)
where the orthonormal basis ea = haµdx
µ , a = 1, 2, 3 is ”square root” of the metric,
Gµν = h
a
µh
b
µηab. The equation (2.4) can be used to express components of the Lorentz
connection in terms of haµ and their derivatives
3
ωab,µ =
1
2
(Caνµh
ν
b + Cbµνh
ν
a − Cdαβhαahβb hdµ) ,
Caµν ≡ ∂µhaν − ∂νhaµ . (2.5)
The Levi-Civita symbol is determined as ǫµνα = hµah
ν
bh
α
c ǫ
abc. To complete our brief diving
into theory of gravity in orthonormal basis we remind the reader that haµ is covariantly
constant,
∇µhaν = ∂µhaν − Γλµνhaλ + ωab,µhbν = 0 , (2.6)
that is of course equivalent to the equation (2.4). The latter property is useful in that
we may freely manipulate with haµ by pulling it inside the covariant derivative or taking
it out. This property also means that the Levi-Civita symbol is covariantly constant,
∇σǫµνα = 0.
The theory described by the action (2.1) is quite well known and belongs to the
class of theories with topological mass [14], [15]. A remarkable property of this theory
is that it describes a propagating degree of freedom although each term in (2.1) taken
separately is topological and thus does not contain local degrees of freedom. Another
3We use the Latin letters (a, b, c, d) for the inner Lorentz indices and Greek letters (µ, ν, α, β..) for the
coordinate indices.
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interesting property of (2.1) is that the gravitational Chern-Simons tem explicitly breaks
the asymptotic coordinate invariance if expressed in terms of the metric connection Γαβµ or
the asymptotic local Lorentz invariance if the term is written using the Lorentz connection
as in (2.3). The violation of the gauge symmetry happens only asymptotically because
the variation of the Chern-Simons term under local gauge symmetry generates terms on
the boundary of the space-time. This violation thus should be manifest in the boundary
theory. Indeed, in [13] this was related to the appearance of the gravitational or Lorentz
anomalies in the boundary theory. Such anomalies are natural when cL 6= cR in the
boundary conformal field theory. Such theories were studied some time ago, see for
example [19]. In the present context, these anomalies are obtained holographically and
are encoded in the dynamics of the gravitational field in the bulk. In [13] the anomalies
were derived by looking at how the gravitational action (2.1) changes under the gauge
symmetries. Here we look at the problem at somewhat different angle. We demonstrate
that anomalies show up in the process of the holographic reconstruction of the bulk metric
from the boundary data. In the absence of the gravitational Chern-Simons term the bulk
metric is uniquely determined once the holographic boundary data, the boundary metric
representing the conformal class and the boundary stress tensor, are specified. Usually
the boundary stress tensor is not entirely arbitrary. It is covariantly conserved and its
trace should reproduce the conformal anomaly. The anomaly itself is completely specified
by the boundary metric. The details of this analysis can be found in [3], [5], [8]. The
presence of the gravitational Chern-Simons term in the bulk action manifests itself in an
interesting way: the boundary stress tensor is no more covariantly conserved. This is how
the gravitational anomaly in the boundary theory shows up. In order to see this explicitly
we solve the gravitational bulk equations modified by the presence of the Chern-Simons
term starting from the boundary and finding the bulk metric as an expansion, well-known
in the physics and mathematics literature as the Fefferman-Graham expansion [2].
The gravitational bulk equations obtained by varying the action (2.1) with respect to
metric takes the form
Rµν − 1
2
GµνR −Gµν + βCµν = 0 , (2.7)
where all curvature tensors are determined with respect to the bulk metric Gµν . The
tensor Cµν is result of the variation of the of the gravitational Chern-Simons term. It is
known as the Cotton tensor and takes the form
Cµν = ǫ
αβ
µ ∇α(Rβν −
1
4
GβνR) . (2.8)
Although the Chern-Simons (2.3) is defined in terms of the Lorentz connection which is
not gauge invariant object its variation is presented in the covariant and gauge invariant
form (2.8). This is just a manifestation of the fact that the ”non-invariance” of the Chern-
Simons term resides on the boundary and does not appear in the bulk field equations.
By virtue of the Bianchi identities this quantity is symmetric, manifestly traceless and
identically covariantly conserved,
CµνG
µν = 0 , ∇µCµν = 0 , ǫαµνCµν = 0 .
Due to these properties we find that solution to the equation (2.7) is space-time with
constant Ricci scalar R = −6. This is exactly what we had when the Chern-Simons term
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was not included in the action. In that case we had moreover that Rµν = −2Gµν and the
solution was the constant curvature space. It is no more the case in the presence of the
Chern-Simons term and we have
Rµν = −2Gµν − βCµν . (2.9)
This is that equation which we are going to solve. We start with choosing the bulk metric
in the form
ds2 = GµνdX
µdXν = dr2 + gij(r, x)dx
idxj (2.10)
that always can be done by using appropriate normal coordinates. The quantity gij(r, x)
is induced metric on the hypersurface of constant radial coordinate r. The following
expansion
g(r, x) = e2r[g(0) + g(2)e
−2r + g(4)e
−4r + ...] (2.11)
is assumed so that the metric (2.10) describes asymptotically anti-de Sitter space-time
with g(0) being the metric on its two-dimensional boundary. In the case of pure GR,
described by action (2.2), the solution to the gravitational equations contains [5] only
these three terms in the expansion (2.11). This is no more true when the Chern-Simons
term is turned on and the whole infinite series should be expected in (2.11). The presence
of infinite number of terms in the expansion (2.11) generically seems to be related to the
presence of local propagating degrees of freedom in the theory.
Now the routine is to insert the expansion (2.11) into the gravitational equations (2.9)
and equate the coefficients appearing in front of the same power of er on both sides of the
equation. This gives certain constraints on the coefficients g(2n) appearing in the expansion
(2.11) allowing express g(2n) in terms of the coefficients g(2k) with k < n. Generically, in
odd dimension (d+ 1) there may appear also ”logarithmic” term h(d)re
−dr in (2.11). h(d)
is traceless and covariantly conserved and is local function of boundary metric g(0). In
d = 2 no such local function of two-dimensional metric exists so that h(2) identically
vanishes (see [5], [8]). When gravitational Chern-Simons term is present same arguments
are valid so that no logarithmic term is likely to appear. In any event it would not affect
our calculation of the anomalies. Appendices A and B contain details of calculation of
the expansion for the Ricci tensor and the Cotton tensor. A good starting point in the
analysis is to look at the expansion for the Ricci scalar (A.4). Since the Ricci scalar is
constant for solution of equation (2.9) the subleading terms in the expansion for R should
vanish. In the first sub-leading order, as it is seen from (A.4), this gives constraint
Tr g(2) = −1
2
R(g(0)) . (2.12)
Note that hereafter we define trace with the help of metric g(0). Now looking at the equa-
tion (2.9) for components (µν) = (ij) we find that the leading term vanishes identically
and the first subleading term vanishes provided constraint (2.12) is taken into account.
Thus, no new constraint on g(2) appears. Further order terms in the expansion give con-
straint on higher oder terms g(2k), k > 2. At present we are not interested in those terms.
A simple relation of this sort comes from the component (µν) = (rr) of equation (2.9)
Tr g(4) =
1
4
Tr g2(2) − βǫij∇i∇kgk(2)j (2.13)
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and indicates that (2.11) is not a ”total square” as it happened to be in the case of
pure GR [5]. The most important constraint comes from components (µν) = (r, i) of the
equation (2.9). As it follows from (A.4) and (B.3) we have that
−∇jgj(2)i + ∂iTr g(2) + β[ǫ ji (−∇kgk(2)j + ∂jTr g(2))] = 0 . (2.14)
This can be represented in the form
∇jtji =
β
2
ǫ ji ∂jTr g(2) , (2.15)
where we have introduced symmetric tensor
tij = g
(2)
ij − g(0)ij Tr g(2) +
β
2
(ǫ ki g(2)kj + ǫ
k
j g(2)ki) . (2.16)
Equations (2.12) and (2.14) are the only restrictions on coefficient g
(2)
ij . Obviously, we can
not redefine tij, provided it remains symmetric, to include the right hand side of (2.15)
so that tij would be covariantly conserved. That it is impossible means that in fact we
deal with an anomaly. Indeed, the holographic boundary stress tensor defined as
Tij =
1
8πGN
tij (2.17)
has both conformal and gravitational anomalies
TrT =
l
16πGN
R , ∇jT ji = −
β
32πGN
ǫ ji ∂jR . (2.18)
When β = 0 the stress tensor defined as in (2.17) agrees with the stress tensor introduced
earlier in [4], [5], [8]. In particular, this fixes the coefficient in front of (2.17). The
stress tensor (2.17) also agrees with the one suggested in [13]4. We see that the conformal
anomaly is not affected by the presence of the Chern-Simons term. Taking that conformal
symmetry on the boundary of AdS appears as part of bulk diffeomorphisms [7] which are
broken by the gravitational Chern-Simons term it is rather non-trivial that the conformal
anomaly remains unchanged. On the other hand, the gravitational anomaly (2.18) is
entirely due to the Chern-Simons.
The stress tensor Tij is what usually called the metric stress tensor defined as variation
of the action with respect to the metric gij. Since we have at our disposal the objects
hai (and their inverse h
i
a) which are ”square root” of metric, g
ij = hiah
aj , we can define
what might be called a zweibein stress tensor T ai considering variation of the action with
respect to the zweibein hia. Obviously, we have
δ
δhia
= 2haj δ
δgij
and hence T ai = 2h
ajTij .
In Lorentz invariant case antisymmetric part T [a,b], where T ab = hbiT ai, vanishes. For the
price of loosing the local Lorentz symmetry the zweibein stress tensor T ai can be redefined
so that the new stress tensor would be covariantly conserved. Indeed, a new stress tensor
Tˆ ai = T
a
i +
βl
16πGN
ǫaiR , ∇jTˆ aj = 0 (2.19)
4Note that our coupling β differs from the one used in [13], exact relation being β = 32piGNβKL.
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is covariantly conserved. However, anomaly does not disappear. It reappears as the local
Lorentz anomaly. Indeed, we have for the new tensor
ǫ ia Tˆ
a
i =
β
8πGN
R (2.20)
that is clear violation of the local Lorentz symmetry under which δhia = δφǫ
b
a h
i
b. This is
of course well known: the coordinate invariance can be restored for the price of loosing
the local Lorentz invariance.
It is of obvious interest to analyze the gravitational anomaly which may appear in
higher dimension d = 4n + 2 when gravitational Chern-Simons term5 is added to the
(d+ 1)-dimensional Einstein-Hilbert action. This is currently under investigation.
3 Remarks on anomalies in two dimensions
3.1 Local counterterms, conformal and Lorentz anomalies
Once the Lorentz symmetry is broken anyway it is allowed to add local counterterms to
the boundary action that are not Lorentz invariant. Appropriate counterterms depend on
the zweibein hai , a = 1, 2, rather than on the metric. It is interesting that by adding such
local counterterms we can shift the value of the conformal anomaly–the possibility which
we did not have when dealt only with metric. The counterterm of this sort was suggested
in [20]
Ict =
1
4
∫
d2x h CaijC
ij
a , (3.1)
where Caij = ∂ih
a
j − ∂jhai is the anholonomity object for for the zweibein hai , a = 1, 2 on
the boundary and h = det hai . Notice, that this term added on the regulated boundary
(at fixed value of radial coordinate r) is finite in the limit when r is infinite.
The Lorentz group in two dimensions is abelian so that the Lorentz connection has
only one component
ωab,i = ǫ
a
bωi , ωi =
1
2
ωab,iǫ
ab .
Under local Lorentz and conformal transformation δhai = δσh
a
i + δφǫ
a
bh
b
i the Lorentz
connection transforms as
δωi = ∂iδφ+ ǫ
j
i ∂jδσ . (3.2)
The counterterm (3.1) changes as follows
δIct =
1
2
∫
d2x h [δσR + δφK] . (3.3)
R is the two-dimensional Ricci scalar which can be expressed in terms of the Hodge dual
to the Lorentz connection one-form
R = 2∇i(ω˜i) , ω˜i = ǫi jωj .
5We mean here the Chern-Simons term for the local Lorentz group SO(1, d). Other possible Chern-
Simons terms, for instance for group SO(2, d), do no seem to produce gravitational anomaly on the
boundary of AdS [12].
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The quantity K that appears in (3.3) has similar expression in terms of the Lorentz
connection itself
K = 2∇i(ωi) . (3.4)
It is invariant under conformal transformations and changes under the local Lorentz trans-
formations. There is certain similarity between R and K well discussed in [20]. It is im-
portant that both R andK may appear in conformal and/or Lorentz anomaly. Obviously,
adding (3.1) with appropriate coefficient to the boundary effective action we can always
shift the value of the conformal anomaly and even remove it completely. As a price for
that the quantity K would appear in the Lorentz anomaly.
3.2 Stress-energy tensor from anomalies
Two-dimensional black hole can be put on the boundary of three-dimensional anti-de
Sitter, the two-dimensional Hawking effects then would be encoded in the bulk three-
dimensional geometry [5]. It is well-known that conformal anomaly plays important role
in two dimensions and eventually is responsible for the Hawking effect. Important element
in this demonstration [21] is the observation that the conformal anomaly can be integrated
to determine the the covariantly conserved stress-energy tensor. In this subsection we
analyze whether this is still true when the gravitational anomaly is present. Thus, we
would like to see whether the equations
Tijg
ij = aR , ∇jT ji = −bǫ ji ∂jR , (3.5)
where a and b are some constants, can be integrated and determine the stress energy
tensor Tij . Constants a and b can be further related to the central charge in left- and
right-moving sectors of two-dimensional theory as we discuss it in section 5. The exact
relation is a = c+
24pi
and b = c−
48pi
, c± = (cL ± cR)/2.
We start with two-dimensional static metric in the Schwarzschild like form
ds2 = −g(x)dt2 + 1
g(x)
dx2 , (3.6)
where g(x) is some function of the spatial coordinate x. The only non-vanishing Christoffel
symbols for this metric are
Γttx =
g′
2g
, Γxtt =
gg′
2
,
where g′ = ∂xg, and the scalar curvature takes the simple form R = −g′′(x). Assuming
that components of the stress tensor Tij do not depend on time t we get that equations
(3.5) are equivalent to a set of differential equations
T xx + T
t
t = −ag′′
∂xT
x
x +
g′
2g
(T xx − T tt ) = 0
∂xT
x
t = bgg
′′′ . (3.7)
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We chose orientation in which ǫtx = +1 when derived (3.7). These equations can be solved
and the solution reads
T tt = a(−g′′ +
g′2
4g
+
C1
g
)
Txt = b(g
′′ − g
′2
2g
+
C2
g
) , (3.8)
where C1 and C2 are integration constants. The Hawking temperature of two-dimensional
black hole is TH = g
′(x+)/4π, where x+ is location of horizon defined as simple root of
function g(x+) = 0. The condition of regularity (see for instance [22]) of T
t
t and Txt at
horizon fixes the constants C1 = −14g′2(x+) and C2 = 12g′2(x+). The stress tensor thus can
be uniquely reproduced from the anomaly equations (3.5). We see that the gravitational
anomaly shows up only in the component Txt which is now non-vanishing and proportional
to b. If the two-dimensional space-time is asymptotically flat, i.e. g(x)→ 1 when x→∞,
then (3.8) describes at infinity a non-vanishing flow
Ttt = c+
π
6
T 2H , Txt = c−
π
6
T 2H (3.9)
due to the Hawking particles radiated by black hole.
4 Black hole entropy from gravitational Chern-Simons
term
The gravitational Chern-Simons term is a legitimate action for gravitational field. It
produces covariant field equations which might have sensible solutions6. In particular,
the constant curvature space-time is always solution of these equations and remains to be
a solution when the gravitational dynamics is governed, as in (2.1), by the sum of Einstein-
Hilbert action and the Chern-Simons term. The BTZ black hole is thus a solution to the
equations (2.7), as was first noted in [23]. On the other hand, it is well known that the
expression for the Bekenstein-Hawking entropy is modified if gravitational action is non-
linear or even non-local function of curvature. In general the entropy is not just a quarter
of horizon area but depends also on the way horizon is embedded in the space-time. It
is thus interesting question whether the gravitational Chern-Simons (2.3) leads to any
modifications of the entropy. The tricky point here is that the Chern-Simons is defined
with respect to the Lorentz connection so that one might worry whether the corresponding
entropy is gauge invariant. In this section we analyze this issue.
There are various ways to compute the entropy for a given gravitational action. The
most popular is the Wald’s Noether charge method [24]. It is however a on-shell method
which is valid on the equations of motion. Below we use another method which is universal
and does not rely on the equations of motion. This is the method of conical singularity
[25], [22], [26]. The idea is to allow black hole to have temperature different from the
Hawking one. In the Euclidean description this leads to the appearance of deficit angle δ =
2π(1−α), α = TH/T at horizon Σ. The geometry of manifolds with conical singularities
6The corresponding equations of motion Cµν = 0 are satisfied for any conformally flat 3d metric.
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was analyzed in detail in [26]. In particular, it was found that components of the Riemann
tensor contain a singular, delta-function like, part
Rαβµν = (R
αβ
µν)reg + 2π(1− α)[(nαnµ)(nβnν)− (nαnν)(nβnµ)]δΣ , (4.1)
where (Rαβµν)reg is non-singular part of the curvature; (n
αnµ) = n
α
1n
1
µ + n
α
2n
2
µ, n1 and n2
is pair of vectors normal to Σ and orthogonal to each other. Obtained originally in [26]
for static non-rotating metric, this formula was later shown in [27] to be correct in the
case of stationary metric.
Taking into account (4.1), the gravitational action in question is now function of α.
The entropy then is defined as
S = (α
∂
∂α
− 1)|α=1Igr(α) . (4.2)
Applying this formula to the Chern-Simons term (2.3) we get7
SCS = − β
8GN
∫
Σ
ωab,σh
a
αh
b
βǫ
µνσ(nαnµ)(n
βnν) (4.3)
for the entropy. Note that indices a, b run values from 1 to 3. In the case of (2+1)-
dimensional black hole the horizon Σ is circle. Suppose ϕ is the angular coordinate on
Σ then vector ∂ϕ is orthogonal to n1 and n2. We assume that vector ∂ϕ together with
vector ∂τ form a pair of Killing vectors at horizon. (Outside horizon the Killing vectors
are linear combinations of these two vectors.) It follows that the integrand in (4.3) is
non-vanishing only if index σ = ϕ. Introducing ǫˆαβ = ǫµνϕ(nαnµ)(n
βnν) expression (4.3)
can be re-written as
SCS = − β
8GN
∫
Σ
ωab,ϕh
a
αh
b
β ǫˆ
αβ . (4.4)
As far as we are aware, the result (4.3), (4.4) for the Chern-Simons entropy is new. Under
local Lorentz transformations parameterized by Ωab the expression (4.4) changes as
δSCS = − β
8GN
∫
Σ
[∂ϕ(Ωab) ǫˆ
ab]γdϕ , (4.5)
where γ is induced measure on Σ. Since ∂ϕ is Killing vector the quantity ǫˆ
ab = haαh
b
β ǫˆ
αβ ,
being considered on Σ, does not depend on ϕ. Therefore, integrating by parts in (4.5)
we find that δSCS = 0, i.e. entropy (4.4) is Lorentz invariant in spite the fact that the
Lorentz connection enters explicitly in (4.4).
The BTZ black hole
The BTZ black hole is important, and in fact the only one known, example of black hole
in three dimensions8. Therefore it is interesting to see how our formulas work in this case.
7For spin connection one has that ω = ωreg+ωsing so thatRreg = dωreg+.. is regular andRsing = dωsing
is the singular part in (4.1). Therefore, schematically, one has
∫
ωR =
∫
ωregRreg + 2
∫
ωregRsing. This
gives extra factor of 2 when (4.1) is applied to action (2.3).
8For a recent review on the BTZ black hole, conformal field theory and three-dimensional gravity see
[30].
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The orthonormal basis ea = haµdx
µ for the BTZ metric is
e1 =
√
f(r)dt , e2 =
1√
f(r)
dr , e3 = r(dϕ+N(r)dt) , (4.6)
where
f(r) =
r2
l2
− j
2
r2
−m = (r
2 − r2+)(r2 − r2−)
l2r2
, N(r) = − j
r2
. (4.7)
We have that
m =
r2+ + r
2
−
l2
, j =
r+r−
l
. (4.8)
Here we work in the Lorentzian signature. The analytic continuation to the Euclidean
signature was analyzed in [28] and [29]. The vectors orthogonal to horizon are
n1 =
1√
f
(∂t −N∂ϕ) , n2 =
√
f∂r (4.9)
so that we have that
(ntnt) = (n
rnr) = 1 , (n
φnt) = −N(r+)
ǫˆtr =
1
r+
, ǫˆϕr =
N(r+)
r+
ǫˆ12 =
1
r+
, ǫˆ13 = ǫˆ23 = 0 . (4.10)
Taking into account that measure γ = r+ on Σ we find that the expression for entropy
takes a simple form
SCS = − β
4GN
∫ 2pi
0
ω12,ϕdϕ . (4.11)
Explicit calculation, making use of eq. (2.5), shows that
ω12,ϕ =
j
r+
. (4.12)
The contribution to the entropy due to the Chern-Simons term
SCS = − β
4GN
2πr−
l
(4.13)
is thus proportional to the area 2πr− of the inner horizon. That’s a curious property of
the gravitational Chern-Simons term. Its entropy is apparently due to degrees of freedom
at inner horizon rather that at the horizon which may be seen by an external observer. We
will comment on this interesting feature later in the paper. Summing the contributions to
the entropy that come from each term in the gravitational action (2.1) the total entropy
of BTZ black hole is
SBH =
2πr+
4GN
− β
l
2πr−
4GN
. (4.14)
Depending on the sign of β the contribution of the Chern-Simons term to the entropy
may be negative. This is not a problem as soon as the total entropy (4.14) is positive.
This imposes certain bound on possible values of β. We discuss this in the next section.
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5 The boundary CFT calculation
In this section we use the representation when the Lorentz symmetry is brocken but the
theory is diffeomorphism invarian, so that the stress-energy tensor of the dual theory is
covariantly conserved. The boundary CFT in question is characterized by different values
of the central charge for holomorphic and anti-holomorphic fields. The zweibein stress
tensor of the theory has both conformal and Lorentz anomalies. Summarizing our analysis
in section 2 we have
hiaTˆ
a
i =
c+
12π
R , ǫ ia Tˆ
a
i =
c−
12π
R , (5.1)
where c± =
1
2
(cL ± cR) and cL (cR) is central charge for the left-(right-) moving sector.
Expressions (2.18) and (2.20) give precise values for the central charge in each sector9
cL =
3
2
(l + β)
GN
, cR =
3
2
(l − β)
GN
. (5.2)
The BTZ black hole corresponds to the sector in the boundary CFT characterized by
conformal weights [1]
hL =
Ml − J
2
, hR =
Ml + J
2
(5.3)
that are determined by mass M and angular momentum J of black hole. These two
parameters are the integrals
M = l
∫ 2pi
0
dϕTtt , J = −l
∫ 2pi
0
dϕTtϕ
of the components of the stress tensor defined in (2.17), (2.16). The coefficients in the
Fefferman-Graham expansion of BTZ metric are collected in Appendix C. These are
needed for computing the stress tensor using (2.17), (2.16). We then get
M =M0 − β
l2
J0 , J = J0 − βM0 , (5.4)
where quantities
M0 =
r2+ + r
2
−
8GN l2
, J0 =
r+r−
4GN l
(5.5)
are values of mass and angular momentum in the absence of the Chern-Simons term.
The shift (5.4) has been recently found in [13]. In fact it was known for some time (see
[31], [32]) that mass and angular momentum in topologically massive gravity are linear
combinations of mass and angular momentum obtained in pure GR.
The entropy in the boundary CFT is computed by the Cardy formula
SCFT = 2π


√
cLhL
6
+
√
cRhR
6

 . (5.6)
9Similar shift in central charge was observed in [31] within the Brown-Henneaux approach. I thank S.
Carlip for drawing my attention to this reference.
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Plugging here the known values for the central charge and conformal weight in each sector
we find
SCFT =
2πr+
4GN
− β
l
2πr−
4GN
(5.7)
that is in perfect agreement with the black hole entropy (4.14) computed in previous
section. When the bulk theory is pure GR the agreement is well known [33]. The gravita-
tional and CFT entropies still agree when the gravitational Chern-Simons term is added
in the bulk, as we have just shown. Notice, that this bulk theory is much reacher than
GR since it now contains propagating degrees of freedom.
Apparently, large values (of any sign) of the coupling β are not allowed in the theory.
There are two obvious signals of instability for large β. Central charge in either of two
sectors may become negative. Also, entropy becomes negative when β is ”too large”.
These bad things do not happen if parameter β is within the range
|β| ≤ l . (5.8)
This ”stability bound” guarantees that both the bulk theory with the gravitational Chern-
Simons term and the boundary CFT with cL 6= cR are well-defined.
6 Does the Chern-Simons term look deep into black
hole?
In theories of gravity involving higher powers of Riemann tensor the black hole entropy
is no longer the usual A/4GN and is always modified. This is well known and quite well
understood. We refer the reader to [34] for the Noether charge calculation and to [26] for
the calculation that uses the conical singularity method. For black holes arising in string
theory this issue was much studied, see review in [35]. For BTZ black hole and higher-
dimensional black holes that reduce to BTZ, this issue was studied in [36] and recently
in [37]. We would like to discuss here some interesting peculiarities of higher curvature
modifications of the entropy of BTZ black hole.
The general action of local theory of gravity with higher derivatives can be represented
as a power series in Riemann curvature. This in fact is true also for a non-local theory
however each term in such expansion then would contain non-local factors. Keeping
theory local the quadratic term in our action would be something like this
W =
∫ ( a1
24π
R2 +
a2
16π
R2µν +
a3
16π
R2αβµν
)
. (6.1)
The corresponding contribution (see [34] and [26] for more detail) to the entropy is
S = −
∫
Σ
(
a1
3
R +
a2
4
Rµν(n
µnν) +
a3
2
Rµναβ(n
µnα)(nνnβ)
)
(6.2)
as can be easily obtained using method outlined in section 4. Applying this to BTZ
black hole we notice that the BTZ metric is locally AdS and hence the Riemann tensor
factorizes Rαβµν =
1
l2
(GβµGαν − GαµGβν). This factorization and that vectors n1 and n2
are orthonormal lead to an interesting conclusion that nothing in the integrand in (6.2)
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depends on the parameters of black hole. Those parameters enter (6.2) only via area of
Σ, i.e. via r+,
S = (a1 + a2 + a3)
2πr+
l
. (6.3)
Obviously this property remains in place when higher powers of curvature are included
in the action. In fact we can state that any local theory of gravity that is non-linear in
curvature results in the entropy which takes the form
Snon = µ(ai, l)
2πr+
l
, (6.4)
where µ(ai, l) is some function of higher curvature couplings ai and the AdS scale l but
not of the parameters of black hole. Similar result was recently derived in [37]. The higher
derivative theory of gravity, provided it is formulated in terms of gauge invariant objects,
i.e. the Riemann tensor, thus sees only the radius r+ of outer horizon of BTZ black hole
and leaves r− unnoticed
10.
The gravitational Chern-Simons term, as we have seen in section 5, shows radically
different behavior. Its entropy is proportional to the area 2πr− of inner horizon so that
it is r+ that is now unnoticed. This is despite the fact that the entropy is actually given
by integral (4.3) over outer horizon. This is an interesting feature of the gravitational
Chern-Simons term that it seems to see the interior of the black hole. The Lorentz
connection apparently does the trick. Most dramatically this feature manifests itself
when the gravitational action contains the Chern-Simons term only. The BTZ metric
is still a solution to the field equation. Its temperature, mass and angular momentum
are non-vanishing and hence, thermodynamically, there must be some entropy and that
entropy is precisely SCS defined in (4.13) and determined by the area of inner horizon.
Notice, that it constitutes entire entropy of black hole in this case! This observation
poses interesting questions that may be challenging to our present understanding of the
black hole entropy. The obvious one is whether there should be some degrees of freedom
associated with the inner (rather than with the outer) horizon which would be responsible
for this entropy? We leave this and other questions for the future.
Acknowledgments
I would like to thank K. Krasnov for a helpful remark. This work is supported in part by
DFG grant Schu 1250/3-1.
10In general, this may be different in the case of non-local theory of gravity. Such a theory may produce
logarithmic terms in the entropy and both ln r+ and ln r− are a priori possible. The concrete calculation
in [29] however shows that to the leading order such entropy is determined by r+ only, r− appearing in
the subleading terms.
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Appendix
A Curvature components and their expansion
Components of the Riemann tensor are
Rrirj =
1
2
[−g′′ + 1
2
g′g−1g′]ij
Rrikj = −
1
2
[∇kg′ij −∇jg′ik]
Rl ikj = R
l
ikj(g)−
1
4
g′ijg
lng′nk +
1
4
g′ikg
lng′nj , (A.1)
where g′ ≡ ∂rg. Components of Ricci tensor are
Rij = Rij(g)− 1
2
g′′ij −
1
4
g′ijTr (g
−1g′) +
1
2
(g′g−1g′)ij
Rri =
1
2
[∇k(g−1g′)ki −∇iTr (g−1g′)]
Rrr = −1
2
Tr (g−1g′′) +
1
4
Tr (g−1g′g−1g′) (A.2)
and the Ricci scalar is
R = R(g)− Tr (g−1g′′)− 1
4
[Tr (g−1g′)]2 +
3
4
Tr (g−1g′g−1g′) . (A.3)
The leading terms in the Fefferman-Graham expansion of the curvature tensors are
Rri = [−∇ngn(2)i + ∂iTr g(2)]e−2r + ...
Rki = −2δki + [Rki (g(0)) + δki Tr g(2)]e−2r + ...
Rrr = −2 + [−4Tr g(4) + Tr g2(2)]e−4r + ...
R = −6 + [R(g(0)) + 2Tr g(2)]e−2r + ... (A.4)
For the constant curvature R = −6 metric we have a constraint
Tr g(2) = −1
2
R(0) . (A.5)
B Components of the Cotton tensor and their ex-
pansion
In space-time with constant Ricci scalar R = −6 the Cotton tensor is defined as
Cαβ = ǫ
µν
α ∇µRνβ . (B.1)
For the Levi-Civita symbol we have that ǫrij = ǫij where ǫij is defined for the 2d metric
gij(r, x).
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In terms of gij(r, x) we get for the components of (B.1)
Cri = −ǫ kn ∇kRni +
1
2
ǫkng′kiRrn
Crr = ǫ
ij [∇iRrj − 1
2
(g−1g′)kiRkj ]
Cij = −ǫ ki [∂rRkj −
1
2
(g−1g′)njRkn −∇kRrj −
1
2
g′kjRrr] . (B.2)
Taking into account the constraint (A.5) we find the following expansion for the compo-
nents of the Cotton tensor
Cri = ǫ
j
i [−∇kgk(2)j + ∂jTr g(2)] e−2r + ...
Crr = −ǫij∇i∇kgk(2)j e−4r + ...
Cij = 0 +O(e
−2r) , (B.3)
where the leading term (of order e0r) in the expansion of Cij vanishes due to constraint
(A.5).
C The BTZ metric in normal coordinates
The BTZ metric can be brought to the normal coordinates in the form (2.10) as follows
ds2 = dr2 − (r
2
+
l2
sinh2
r
l
− r
2
−
l2
cosh2
r
l
)dt2
+(
r2+
l2
cosh2
r
l
− r
2
−
l2
sinh2
r
l
)dϕ2 − 2r+r−
l
dtdϕ , (C.1)
where r+ (r−) is radius of outer (inner) horizon. The coefficients in the expansion (2.11)
of this metric are
g
(0)
tt = −
1
l2
g(0)ϕϕ = −
(r2+ − r2−)
4l2
g
(2)
tt =
1
l2
g(2)ϕϕ =
(r2+ + r
2
−
)
2l2
, g
(2)
tϕ = −
r+r−
l
. (C.2)
We choose orientation in which ǫ ϕt = −1/l.
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